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Abstract 

The j-function acts as a parametrization of the classical modular curve. Its values at 
complex multiplication (CM) points are called singular moduli and are algebraic integers. 
A Shimura curve is a generalization of the modular curve and, if the Shimura curve has 
genus 0, a rational parameterizing function exists and when evaluated at a CM point is again 
algebraic over Q. This paper shows that the coordinate maps given in ^ for the Shimura 
curves associated to the quaternion algebras with discriminants 6 and 10 are Borcherds lifts 
of vector-valued modular forms. This property is then used to explicitly compute the rational 
norms of singular moduli on these curves. This method not only verifies the conjectural values 
for the rational CM points listed in [6], but also provides a way of algebraically calculating 
the norms of CM points with arbitrarily large negative discriminant. 

1 Introduction 

The classical modular curve A'j* is given as the one-point compactification of the Riemann 
surface GL2(Z)\f)* where = P-'^(C) — P-'^(R). Since is a genus-0 surface, there exists an 
isomorphism — > . The classical choice of such a map has Fourier expansion 

i(T) = i + 744+ 196884q+-- - e ^Z[[q]], 

(where q = e^'^*'^) at the cusp at oo. The j-function also provides an identification of points on the 
modular curve with isomorphism classes of elHptic curves. When the associated elliptic curve has 
an extra endomorphism called complex multiplication (CM) , r is an irrational quadratic imaginary 
point of t)* and is called a CM point. A singular modulus is a value of the j-function at a CM 
point and is an algebraic integer. In 1984, Gross and Zagier [7] gave an explicit formula to compute 
the norms of singular moduli. 

A Shimura curve is a generalization of the modular curve. Let B be the quaternion algebra 
over Q with discriminant D = D{B) > 1 and let F* = Nbx{0) C be the normalizer of a 
maximal order O C B. Since there is an algebra embedding B ^ M2(M), the discrete group F* 
embeds into GL2(K) and hence acts on i)*. The Shimura curve X'^ is then given as 

A'^=F*\f)±. 
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When _B is a division algebra, is a compact Riemann surface without cusps. 

Points on a Shimura curve can also be identified with certain 2-dimesional abelian varieties 
and again there is the notion of CM points. As before, there will be a generator of the function field, 
or Hauptmodul, tjj : X'^ P^, and, if properly normalized, the image of a CM point under tD 
will be algebraic over Q. However, since has no cusps, such a map does not have a q-expansion 
and example calculations are more difficult than in the classical case. 

In [5], Elkies considered the cases of Z) = 6 and D ~ 10. First, by identifying which 
quadratic imaginary fields have class group (Z/2Z)'' for r < 2, he determined which CM points 
have rational coordinates on X'^. Then with r*(Z) — {7 e F* | 7 = 1 mod I}, Elkies used explicit 
calculations of the geometric involution on X'^{1) — F*(Z)\f)* for small primes / to compute the 
coordinates for about half of the rational CM points on X^ and X^^. The involutions on X'^{1) for 
higher / are unknown and are needed to explicitly find the coordinates of the remaining half of the 
CM points using this method. Elkies does, however, provide a table of conjectural values for the 
remaining CM points obtained via numerical approximations and their behavior under standard 
transformations. 

In this paper, we use an alternate method that arises out of the theory of Borcherds forms 
to calculate the norms of singular moduli on the Shimura curves X^ and Xiq and, as a special case, 
algebraically prove the conjectural values listed in 6 . Although the methods are only demonstrated 
here for _D = 6 and D — 10, the techniques should extend to a larger class of functions X'^ 
for arbitrary indefinite discriminants D. 

Let L be a lattice in a rational inner product space V <Z B with signature (n, 2) and let 
be its integral dual. Then a meromorphic modular form F valued in C[L^/L] can be given by its 
Fourier expansion 

where e,, is the basis element of C[L^/i] corresponding to rj. When c,,(m) G Z for m < 0, 
co(0) = 0, and F has weight 1 — §, Borcherds [3] constructs a form 'I'(F) : X^ P^ and gives 
its divisor in terms of rational quadratic divisors weighted by the coefficients Cri{m) for m < 0. In 
this more general setting X^) is formed by i?^ acting on the product of the adeles of B (viewed as 
an algebraic group) modulo a compact open set and a space of oriented negative 2-planes arising 
from the inner product. 

Recently, Schofer [13] provided an explicit formula in terms of the coeflacients of Eisenstein 
series for the norm 

n (2) 

zez(A) 

where Z{A) is the set of CM points of discriminant A on X^. As a corollary, he showed that since 
the j-function was in fact a Borcherds form, the Gross-Zagier factorization of singular moduli was 
a specific case of his main theorem. 
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In the cases of Z? = 6 and D = 10, the coordinate map to : ^ given in "W is defined 
by its divisor and normahzed by its value at a chosen point. We show how this divisor can be 
expressed in terms of rational quadratic divisors. We then find a meromorphic modular form Fjj 
as in ([1]) that satisfies div(5'(FD)^) = div(tD). In the cases analyzed here, n — 1 and the lattice 
L arises as the trace-zero elements of O. Then the proper vector- valued form Fd is lifted from a 
scalar- valued modular form that is a linear combination of Dedekind-?7 products. Next we compute 
a normalization constant, cd, by applying ([2]) to a base case. Since the divisors are equal and the 
two functions agree on the chosen base point, we conclude 

Finally, ^ is used to calculate the norm of any CM point on XI). Since this method is a 
general calculation of norms, the tables of rational CM points found in j6j arise as specific cases. 
For example, we can recompute known values, e.g. 

1X4234 
^6(7^-147) = -21033567' 

but can also explicitly verify the conjectural values such as 

_ 31174194234 

Moreover, we can algebraically compute the norm of CM points with arbitrarily large discriminants. 
For example ^6(^-996) is an algebraic number of degree 6 over Q and the method of this paper 
provides its norm: 

, ,^ , , 2167127x4832 

MV-996)\ - X762964X6 ■ 

In addition, this method should generalize even further to computing norms of Hauptmoduli on 
higher genus Shimura curves. 



2 Shimura Curves 



2.1 Quaternion Algebras 

Quaternion algebras have a long history of study so we will only provide a brief summary 
of the important facts. For a more thourough exploration of quaternion algebras see [I], [S], and 

m- 

A rational quaternion algebra i? is a central simple algebra of dimension 4 over Q and is 
either isomorphic to M2(Q) or is a skew field. In the latter case, B is called a division algebra. 
For each prime p, Bp = B (g)Q Qp is a Qp-algebra. If Bp is a division algebra, then B is said to be 
ramified at p. If Bp is not a division algebra, then Bp ~ M2(Qp). A quaternion algebra is called 
definite (indefinite) if it ramifies (is not ramified) at the infinite prime. 

The (reduced) discriminant D = D{B) of a quaternion algebra B is given as the product 
of all finite ramified primes of B. Given an even number of finite or infinite primes, there exists a 
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quaternion algebra over Q ramified exactly at those places. Further, two quaternion algebras are 
isomorphic if and only if they have the same discriminant. 

Proposition 2.1 (Proposition 3.1 of [8J). Let B be an indefinite quaternion algebra over Q with 
D = pi ■ ■ ■p2r- Choose q to be a prime such that q = 5 mod 8 and (^) = —1 for every pi > 2. 



Then B 



l{a, (3) where aj3 = —j3a and = q, 0^ — D. We denote this by B = (^^^^ ■ 
There are many ways to embed B = into a matrix algebra over an extension of ' 



The one that we use in this paper is 

4>j,:B^ M2(Q(\/6)) 

given by 

' ^/h 




There is a natural involution on x — xq + xia + X2P + x^a(3 given by 

X = xq — xia — X2I3 — x^a/S. 
This involution allows one to define the (reduced) trace and (reduced) norm as 

tr(a;) = x + x = 2xq, 
n{x) — XX = Xq — axi — bx2 + abx'^. 
Under the above embedding, these are just the usual matrix trace and determinant. 

2.2 Maximal Orders 

Definition 2.1. Let JC be either Q orQp andTZ its ring of integers. AnTZ-order O in a quaternion 
algebra B over JC is an TZ-ideal that is a ring. Equivalently, an TZ-order O is a ring whose elements 
have trace and norm in TZ d O, and O ®tz K, — B . A maximal order is an order that can not he 
properly contained in another order. 

In general, B does not have a unique maximal order. In fact, if G and O is a maximal 
order, then ujOuj^^ is also a maximal order. However, when B is indefinite, the conjugacy class of 
maximal orders is unique. 

Proposition 2.2 (Proposition 3.2 of [8]). For B as in Proposition \2. 1\ with ^ q and 0^ = D, 
every maximal order is conjugate to 

O = Z + Zei + Zea + ZeiCa 

where 

1 + a 

ei 



62 



2 ' 
ma + a/S 



q 

D = mod q. 
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When p is a ramified prime, there is a unique maximal order Op C Bp and it is given by 

Op = {ujeB \ (ordp o n)(tj) > 0}. 

Hence its group of units is given by 

= {a; e I (ordp o n)(cj) = 0}. 

Moreover, one can choose a uniformizer Tip E such that B^ = >^ vr^ with (ordp o n)(7rp) = 1 
and TTp = p. 

Define the normahzer of an order as 

Nfix (O) = {w e I wOtJ-i c O}. 

The units of an order O are a subgroup of N^x (O) and are related by the following lemma. 

Lemma 2.3 Let d{B) denote the number of ramified primes of B. Then 

2.3 Shimura Curves and CM Points 

From now on let B — (^^^) with = q and = 13 as in Proposition 12.11 Fix the 
embedding of i? ^ M2(M) given by and the maximal order O as in Proposition 12.21 Define 
the following subgroups of i? ^ , 

r = c'x, r*=NBx(C'). 

Their images under (j)D are discrete subgroups of B^ C GL2(M), and they act on f)* = P(C) — P(M) 
via fractional linear transformations. Define X and X* to be the Shimura curves 

x^XD^r\i)^, X* ^ x^ ^r*\i)^. 

When B is an indefinite division algebra, X and X* are compact Riemann surfaces with no cusps. 
Also, Lemma [2.31 implies that A" is a covering space of X* of degree 2'^^^\ 

Fix a quadratic imaginary field k such that if p \ D then p does not split in k. Then there 
are many embeddings t : k^ B. However, all of the embeddings are conjugate to each other [T^ . 

Definition 2.2. The image t(fc^) B^ /Q^ C PGL2{M.) has a unique fixed point on f)+. A 
complex-multiplication (CM) point of X (resp., X* ) is the T-orbit (r*-orbit) of such a point. It is 
said to have discriminant equal to the field discriminant of k. 

Since all embeddings are conjugate, a CM point is independent of the embedding. In the 
classical case of _B = M2 (Q) , the CM points are irrational imaginary solutions to integral quadratic 
equations with the corresponding discriminant. 
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2.4 Involutions on 

In this section, we summarize the method used in [6 to calculate the coordinates of rational 
CM points on X* . Let Va be the CM point with discriminant A < and let i? C fc be the 
maximal order in the quadratic imaginary field of discriminant A. 

Proposition 2.4 ([6J). Va is a rational point on if and only if the class group of k is generated 
by ideals I C R such that = (p) for some p \ D. 

This implies that for a rational CM point, the class group of fc is isomorphic to (Z/2Z)'' 
where r < d{B). In the case of d{B) — 2, all such fields are known, and thus the rational CM 
points can be identified. (See Tabled for D = 6 and Table H for D = 10.) 

Now let I be a prime not dividing so that B ®q Qi ~ M2(Q;). Define 

r*(0 = {7 e r* I 7 = ±1 mod i} 

and the congruence subgroup rQ(^) in the same fashion as its classical counterpart. Then the 
curves 

= r*(z)\f)±, x^,{i)^r*{i)\t,± 

are coverings of whose points are also associated to abelian varieties. From the geometric 
structure, X^ inherits an involution wi : X^ q{1) X^ q{1) which preserves the set of rational 
CM points. 

In the case of Z? = 6, the image of T* ^ PGL2(M) is generated by three elements and is 
called a triangle group. An area calculation [6 shows that X^ has genus 0. Any coordinate map 
: Xg is defined up to a PGL2(K) action, so such a map is only well-defined once its values 

at three points have been given. Since there are three distinguished elements of F*, the coordinate 
map is defined to take the values of 0, 1, 00 at 7'-4, 7'-24, V-s, the CM points associated to the 
three generators. 

The covering curves Xqq^I), for I = 5,7, 13 have genus and wi can be expressed explicitly 
as a rational function. Then by examining the fixed points of wi and the wj-orbits of 0, 1, and 00, 
Elkies was able to compute the coordinates of 17 of the 27 rational CM points (see Table [2]). 

In order to compute the remaining ten rational CM points using this method, involutions 
on Xqq[1) for higher / are needed. However, these curves have genus greater than and explicit 
expressions for wi are unknown. Instead, Elkies used numerical techniques to calculate the coor- 
dinates to an arbitrary precision. He then recognized them as fractional values through continued 
fractions and their behavior under standard transformations. For example, one expects that the 
factorizations of both t^iVA) and teiVA) — 1 should only contain small primes to large powers. 
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3 Quadratic Spaces and Lattices 

For a given indefinite quaternion algebra B, define the Q- vector space 

V = {xeB\ ti{x) = 0}. 

There is a natural quadratic form on V given by Q{x) = n(x) 
the associated inner product which has signature (1,2). 

3.1 The Lattice OnV 

Define the lattice L = O (IV. Let be the Z-dual of L and consider /Lp where 
Lp = L^i Zp. 

For p \ D and p odd, there is an isomorphism Bp ~ M2(Qp) such that Op ~ M2(Zp). Then 
Lp is the set of trace zero elements of M2(Zp) and VpfLp is trivial. Thus 

p|2D 

Now consider p \ D and p odd. Let 6 ^ Zp , 6^ £ Zp and Zp2 = Zp + Zp6 be the ring of 
integers in the unramified quadratic extension of Qp with Galois automorphism a. Then 

Lp = ZpS + Zp-Kp + ZpSiTp, Lp = ZpS + p~^Zp2-n-p. (3) 

Since ^ZpijZpi ~ Fp2, the field of p^ elements, there is an isomorphism 

Fp2 ^ L^^jLp, V vTTp^ + Lp. 

Under this isomorphism, the quadratic form Q induces the function 

Q{v) = vv'^p~^ mod Zp, 

which is equivalent to the norm map n : Fp2 Fp via Fp ^ ^Zp/Zp. 
The case oi p = 2 has L2 = ^-^2- This time the isomorphism is 

F2eF4^L^/L2, {w,v)^w^+VTr2^ +L2, (4) 
and Q induces the function 

Q{w,v) = —^w"^ — ^n{v) mod Z2. 
This surjects onto \Z/Z, given by whether or not each of the components is nonzero. 
Proposition 3.1. Let Dq he the odd part of D. Then 

Proposition 3.2. Let Bp act on L^/Lp via conjugation. Then the Bp orbits of D^^/Lp for odd 
p I D (resp., p = 2) are indexed by elements of¥p ( ¥4). 



= —x"^. Let {x,y) = tr:{xy) denote 
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Proof. For odd p, write as 

First, the powers of p are central and hence act trivially. Then by ([3]) 

Thus the elements of act through their image under the reduction map Op Fp2. More 
explicitly, v E ¥^2 acts via left multiplication by v/v"' . However, this is just the action of F^s = 
ker(n : F^a — ^ IFp )• Lastly, TTp acts by cr, and so there is a surjection 

B; ^¥^2 X (a). 

Hence the orbits of B^ are indexed by the elements of ¥p. 

For p ^ 2, the action of preserves the first component of (|4]) and acts on the second 
component the same way it did in the odd p case. So again the orbits are indexed by the four 
values of Q. □ 



3.2 The Order of the Orbits of T* 

Define the set 

V{t) = {xeV I Q{x)^t} 

and L{t) = LO V{t). The discrete groups F and F* both act on L by conjugation, and the order 
of F* -orbits in L{t) will play an important role in Section [T] 

Let > A e Z be the field discriminant of fc = Q(-\/^), and set — 4i = A. Then the order 
Z[a/^T| has discriminant —At. Hence, its conductor is n, and if any other order i? in fc contains 
Z[^/^t\, then the conductor of R divides n. 

Set 

£ = HomQ_aig(fc,B). 

Assume that for every prime p \ D, p is nonsplit in fc so that £ is nontrivial. For every x G L{t), 
define tx € £ hy Lx{V^) — ^- For i- ^ £, t^^(C n t(fc)) is an order in fc. Let cond(t) denote the 
conductor of this order and define 

£{c) — {l e £ \ cond(t) — c}. 

For X ^ L, define cond(x) — cond(ta;) and let 

L{t, c) = {x e L{t) I cond(a:) = c}. 

Then for a fixed t and c, there is a bijection L{t, c) — s- £{c) given by x and F* acts on L(t, c) 
via conjugation. This action is compatible with the action on £{c), therefore 

T*\L{t,c)^r*\£{c). (5) 
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To determine the set of r*-orbits in L{t,c), we examine the right-hand side of Let R 
be the ring of integers of an imaginary quadratic field fc. Fix an embedding lq : k ^ B with 
cond(to) = 1, i.e. lo{R) C O. Since aU embeddings of fc into B are conjugate, there is a bijection 

uj i—f Ad{LL!) o io- 

Then 

r*\B^/fc'' ^ r\£, 

where the action of F* on B^ /k^ is left multiplication. Define 

B"" (c) = {ujeB'' \ cond{Ad{u;) o lq) = c} 

so that 

F*\B^(c)/fc'^ ^F*\f(c). (6) 

Let Ord = Ord(_B) be the set of all maximal orders of B. For any O £ Ord, define the 
conductor of O to be the conductor of Lq^{0 n Lo{k)). Define for lo e B^ , Ouj = uj^^Ouj e Ord. 
Then the conductor of O^i is conA{u}). 

The action of = {B ®q A/)^ on Ord via 

£,-o^^i-^our\B 

where O — O ®i Z. is transitive, thus 

N X {d)\Bl ^ Ord, 

£, ^ c^d^nB. 

Furthermore, the double cosets 

N X {d)\Bl/BX 

correspond to the -B^-conjugacy classes of the maximal orders in B. Since B is an indefinite 
quaternion algebra, all maximal orders of B are conjugate. Thus 

N X {d)\Bl^^BAO)\B^. 

Let Ord(c) C Ord be the subset of orders with conductor c. Then, with notations as before, 

NBx(0)\S><(c)^Ord(c), (7) 

and the fc^^ — (fc(g)Q A/)^ action on Ord given by ^ • O = ^~^0^ n B preserves Ord(c). 

From the Chevalley-Hasse-Noether theorem, for a given Oc E Ord(c) there is a bijection 

N5x^(a)nfc^^\fc^^ ^Ord(c) (8) 
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given by the orbit of Oc under the transitive action of fc^^ . Then the composition of the bijections 
in ©, dH), dZl), and ® yield 

Let Aq be the product of aU the primes that ramify in fc and define 



(5(Ao, D) = #{p prime | p \ gcd(Ao, i?)} 



1 if Ao I I? 
otherwise 



Theorem 3.3. Let Rc E k be the order of conductor c, then 

Proof. For a prime p \ D, 
thus 

^g.{0,)f^k; ^Rl^q^;. (9) 

For primes p \ D, N^x (Oc) — . When p is inert in k, ^ still holds. However, when p is 
ramified in k, 

N^x (a) n k; = Ri^q; u i?r,,Qp^^p 

where tt^ = p. 

Altogether, then, there is a surjection 

Z^kl^/k'' ^N^.^{o,)nkl\kl/k'< 

given by modding out by the subgroup generated by the elements (1, 1, TTp, 1, ...) for p ramified 
in both B and k. The size of this subgroup is 2^''^°'^\ □ 

Corollary 3.4. Let h{c^A) be the ideal class number of the order of conductor c in the quadratic 
field of discriminant A and —At = n^A as before. Then 

\T*\L{t)\ = 2-*('^«^-°) ^ h{c^A). 
where /i(c^A) is the class number of Rc, the order of conductor c in k. 

Proof. This follows from recognizing Rc \ k^^ / k^ as the desired ideal class group and noting that 
L(i)-lJi(i,c). □ 

c|n 
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4 Borcherds Forms 



4.1 Rational Quadratic Divisors 

Let D be the space of oriented negative 2-planes in V. Call [2:1,22] G J) a proper basis if 
(zi, zi) = (z2, 22) = —1 and (zi, 22) = 0. In addition, define 

Q^lveViC) I iv,v) =0,iv,v) < 0}/C^. 

This is an open subset of a quadric in P(V^(C)). Recall that B = (^^^) with = q and (3^ = D 
and let V have the canonical basis {a, /3, a/3}. Then there is a pair of bijections 

f,± S)(M) 

where the maps are given by 

Cr([zi,22]) = 21 -222. (11) 

Write £> = U where 2)+ (resp., are the planes with positive (negative) orienta- 
tion. For X e VCQ) define 



= {2e[)± I (x,u.(2)) = 0}. 
By ([TU)) . for X — xia + X2f3 + x^a(3, 

(X, -(^)) = (^^1±|^) 2^ - (.2VZJ)2 - fc^. (12) 

Hence 



xi + x^^/D 



Let D± = n £1=^. 

Proposition 4.1. For x Cz V with Q{x) > 0, is the set of fixed points of the image of x in 
PGL2(^) under the embedding 



Proof. Let x = xia + X2P + xsaf]. Then 

(I)d{x) = 



X2VD q{xi~x^^/D) 



A fixed point, 2, of this matrix satisfies 

ZX2VD + q[xi — X3VD) — z^{xi + X3VD) — ZX2VD. 
This is equivalent to p^ . □ 
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Definition 4.1. Let G ~T or T* and let Grj denote the G-orbit of t] E /L. The rational 
quadratic divisor Z{d, r/; G) is given by 

x+LGGri 
mod G 

where pr^. : ^ G\D^ and each point is counted with weight \Stab{x)\^^ . 
For more details on this definition in the case of G = F, see the Appendix of [TT] . 

4.2 Borcherds Forms 

Let H = GSpin(F). Viewed as an algebraic group, H{A) ~ {B (g)Q A)^ for any Q-algebra 
A. Let K C H{Af) be a compact open set such that H{A) = H{Q)H{R)+K where H{R)+ is the 
component of iJ(M) that contains the identity. 

Definition 4.2. A modular form of weight k E 'Z on D x H{Af)/K is a function : £> x 
H{Af)/K C such that 

^{'yz,'yh)=j{j,z)''<f{z,h) 
for all 7 G H{Q), where ^'(7, z) is the automorphy factor given in JlOf - 

The cases we will focus on have k = and thus the automorphy factor will be inconsequential. 

Let L be a lattice and -F be a modular form valued in C[L^/L] with Fourier expansion given 

by 

where {e,^}rieL'^ /l form the basis of C[i^/L]. Since F and F* act on L'^ /L, they also act via 
linearity on the algebra C[L^/L] and the function F. 

Definition 4.3. For a lattice L with signature {n,2), a Borcherds form '^{F) is a meromorphic 
modular form onDx H{Af)/K arising from the regularized theta lift of a weight 1 — meromorphic 
modular form F as in [T^ with c^(m) el form <0. See fl^, fW^, f2|/. 

Borcherds forms have the following key properties. 

Theorem 4.2 (Theorem 1.3 of [10 ). Assume F is given as in \13\) and is F* invariant. 

1) The weight of-^{F) is co(0). 

div(*(F)2) = E c„(-™)Z(to,77;F*). 

77eL''/-Lm>0 
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4.3 Adelic View 

We can rephrase some of the definitions from Section [^31 from an adehc point of view. This 
will allow the machinary of Borcherds forms to apply to the computation of singular moduli on 
Xd and X^. 

Let Kr be the compact open set (3^ C H{Af). Then T = H(Q) H(R)+Kr. Let Kp- be 
defined analagously. Then Xd and X^ are given by 

Xd ^ T\D ~ X H{Af)/Kr), 

Xh ~ r*\D ~ i/(Q)\(D X H{kf)/KT>). 

Notice that Xd and X'^ are natural domains for weight-0 Borcherds forms. 

The CM points can be viewed adelically as well. An element x G V(Q) with positive norm 
gives rise to the decomposition oi V V — Qx U where U = is a negative plane. This 
splitting corresponds to a two-point set Tlx- As a rational inner product space U k for some 
quadratic imaginary field k with quadratic form given by a constant times the norm on k. Set 
T ~ GSpin(t/). Then, with as in Section [321 T{Q) ~ ix{k^) C H{Q) and the CM points are 
the image of 

Zr^iU) - r(Q)\(S), X T{Af)/Kr-.) ^ X*^. (14) 
The degree of this 0-cycle is given in Chapter 3 of 12] as 

c\n ^ ' p\D 

where w(c^ A) is the number of units in Rc and xa is the associated Dirichlet character for k given 
by the Kronecker symbol, xa(?^) ~ {^)- 

4.4 Borcherds Forms at CM Points 

Recall that i = O n is a lattice in V corresponding to a fixed maximal order O. Then 
there are sublattices 

L+ = QxnL, L_ = ur\L. 

In general, L ^ L_ + L+, and 

L_ + L+ C L C C + L\. 
Hence an element -q ^ decomposes as if = r;_ + 77+ for rj± E L^.. 

Definition 4.4 ([l3]). For /i e L'^/L^ and ifj^ ~ char(p+L^), let E{t, s; ipfj., +1) be the incoherent 
Eisenstein series of weight 1 with Fourier expansion 

£;(r,s;^^,+l) = E^^(s,m,i;)q" 

m 
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where the Fourier coefficients have Laurent expansions 

A^{s, TO, v) = bi^,{m, v)s + 0{s^) 
at s — 0. Then for rj G / L and to G Q define 

Krj{m) = ^ K-_^^_{m- Q{x)) (15) 

AeL/(L + +L_) xei-i+ + \++L + 

where 

{lim„_,oo bf,{m', v) if m' > 

ko{0)MO) ifm'^Q , (16) 

ifm'<0 

fco(O) = log(|A|) + 2^^^(i±^, (17) 
A(1,Xa) 

and A(s, xa) is the normalized L-series tt i~T (^^) L{s, xa)- 

Theorem 4.3 (Corollary 3.4 of [I3])- Assume Cjj{m) G Z for m < 0, co(0) = 0, and that the 
0-cycle Zr-'iU) defined in ^14^ does not meet the divisor o/^(i^). Then 

^ ^ log||vl/(z,/)||2^_L^^c,(m)«,(m) (18) 



|Zr.(t/)| ^ y ,Jjn ^a(B) 

where hik) is the ideal class number of the quadratic field kc^i U . 

The power of this theorem lies in the explicit formulas for the right-hand side of (|18p . In 
Section[7]we will use this theorem to compute the norms of singular moduli. However, first a supply 
of appropriate vector-valued modular forms F is needed to serve as the input to the Borcherds 
construction of "^{F). 

5 Input Forms 

This section is presented in general terms and follows [3] and [4]. However, rather than 
appearing redundant, the notation implies how the general theory applies to the set-up in Sections 
m through H 

5.1 SL2(Z) and the Weil Representation 

The Lie group SL2 (M) has a double cover SL2 (M) with elements of the form 



a b 

c d , 



, ±V CT + d 



The group structure is given by 

(Gi,Ji(.))(G2,j2(-)) = (GlG2,Jl(G2(-))j2(-))- 



14 



The group SL2 (Z) is defined as the inverse image in SL2 (M) of SL2 (Z) and is generated by the two 
elements 



S 




which satisfy 




The element Z generates the center of SL2(Z) and the quotient by Z^ is SL2(Z). Also, SL2(Z) 
acts on via its image in SL2(Z). Throughout the following, let 



7 = 7*= I r " 1 ,±V^^Td I e SL2(Z). (19) 
c 

Let L be a lattice with quadratic form Q' and let be the dual lattice under the associated 
inner product. To ease notation, let = L^/L. Then Milgram's formula gives sign(L), the 
signature mod 8 of L, via 



E 



e 



(Q'(77)) = v^e(sign(L)/8) 



where e(.T) = e^'^*^. For 77 e A^, let e,, denote the corresponding basis element in the group ring 
C[Ai]. In 3J, Borcherds defines the Weil representation Paj^ on the generators of SL2(Z) in terms 
of Q' . However, we will use the dual representation pAi, = Paj^ since the quadratic form in Sections 
[2] through [4] is actually given by Q{x) = —Q'{x). On the generators pAi, is given by 

PALiT)er, = e{-Q{T]))er,, 
SeAL 



where 



vwTi I Ail ,t^; 

(This approach follows [13] and [10] . However most of the results in this section are the dualized 
versions of those found in ^.) Define the level of Al to be the smallest integer N such that 
NQ(r]) € Z for all rj e L^. Then the representation pAt factors through SL2(Z/A^Z), the double 
cover of SL2(Z/A^Z). Define the congruence subgroup ro(iV) C SL2(Z) as the preimage of the 
upper triangular matrices in SL2(Z/A^Z) and ro(A^) as its inverse image in SL2(Z). 
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Definition 5.1 (g]). For j £ To{N) define 



Xnil) = f^L (20) 



n 



, ± (^) d=l mod 4 ^ ^ 

=F« (f ) d EE 3 mod 4 

X|A.|(7) 4t^ 

Theorem 5.1 (Theorem 5.4 of [4j). Suppose /las /e^e/ A^. // 6 and c are divisible by N then 
7 G 5^2 (Z) acis on C[Ai] &j/ 

PAz.(7)e,, = XL(7)ea,,- 

Corollary 5.2. Suppose Al has level N and that rj G Al has norm 0. Then 7 g ro(A^) acis on 
the element e,, 6?/ 

PAi,(7)e,, = XL(7)ea7,- 
Proof. Any element 7 e ro(A^) can be written as 

7 = T" ^ j , ±V^^Td 

where N divides c and b' . Then xl is trivial on T. Since a' = a mod A^ and the order of 77 divides 
N, a'rj = arj. □ 

5.2 Vector- Valued Modular Forms 

Define the slash operator of weight k for an element 7 G SL2(Z) by 



/i^±(r) = (±v^^r7(7r). 

Definition 5.2. Suppose p is a representation of T d SL2{'Z) on a finite dimensional complex 
vector space V. Then F : f)± ^ V is a vector-valued modular form on T of weight k G and type 
p if it is meromorphic and satsifies 



F{j^t) = {±V^^f^p{^^)F{T) 

for all ^ £ T. 

Definition 5.3. Suppose f is a scalar-valued weight k modular form on ro(A^) with character xl- 
Then define a weight k modular form Fj:(t) valued in C[L^/L] via 

^/M= f\',{T)pAAl'')eo- (23) 

7ero(Af)\5L2(Z) 
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It can be shown [2] that Ff (r) is well-defined and is a modular form of type pAi, and weight 
k on SL2(Z). 

Proposition 5.3. Let Ff have Fourier expansion as in I11S\) . If m + Q{ri) ^ Z, then Cjj{m) = 0. 
Proof. Since Ff is a modular form, 

Ff{r + 1) - PAAT)Ff{T) 

= E E c,(m)q™e(-g(,7))e,. 
Thus m + Q{rj) ^ Z implies Cri{m) — 0. □ 

Proposition 5.4. /// has no poles at finite cusps, then, for Ff as in 113\) . Cri{m) — for m < 
and 77 ^ 0. 

Proof. If / does not have a pole at a finite cusp, then the coordinate function /|^ in can have 
a pole only when 7(cxd) = 00. However, this is satisfied only by the trivial coset representative 
which has (7~"'^)eo = eg. □ 

Now define, as in ^, Al,™ to be the set of n-torsion points and define A^, via the exact 
sequence 

^ AL,n ^ A„ ^ A2 ^ 0, 

and 

Ar ={SeAl\ {6, r,) - -nQ{T^) e Ai,„ }. 

Lemma 5.5. For a fixed n, either A^* — or the membership of 5 into A£* is completely 
determined by Q{5). 

Proof. It suffices to examine the criteria locally at the primes that divide the level N. Recall 
from Section [3.11 that for an odd prime p, Al,p — Fp2 and Q : Al.p — > (l/p)Z/Z. If p | n, 
then (Al_p)„ = A^^p and (A^^p)" = {0}. Since nQ{6) = = {0,6) for aU S e (Al,p)„, then 
(Al,p)"* = {0}. lip\n, then {Al,p)„ = {0} and (Al^p)" = A^^p. Since nQ{0) = = ((5,0) for all 
S e (Ai,p)« = Al,p, then (A^^p)"* = A^^p. So for odd p \ N, 

^n.^i {S\Q{5)e{l/p)Zp/Zp} p\n ^2^^ 
"^^^ \ {0} p\n ' 

Now consider p = 2 where Al^2 ~ F4 ® F2 and Q : Al,2 — > (1/4)Z/Z. Suppose 2 \ n. 
Then (Al,2)„ = {0}, and (Ai,2)" = Al,2. Since nQ(0) = (5,0) for aU S e (Al,2)" = Ai,2, 
then (Al,2)"* = Al,2- Now suppose 2 | n. Then (AL^2)n = Al,2, and (Al,2)" = {0}. However, 
nQ((5) = = (0, 6) for aU 5 e (A^^p) only when 4 | n. Thus 

{<5 I Q((5) e (1/4)Z2/Z2} 2tn 
(Al.2)'" = { 2 II n . (25) 

{0} 4 I n 
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Combining and into one global statement yields 

{5 I Q(^) e (S£M) z/Z} 2^n 



Ar = 

2 II n 

Thus the membership of an element is determined by its image under Q. □ 
Lemma 5.6 (Lemma 3.1 of [3]). The sum 

Sn{5)^ J2 e(-(77,<5)-nQ(77)) 



is equal to when 5 ^ AJ* and has magnitude y^\AL\\AL,n\ otherwise. 

Lemma 5.7 (Lemma 3.2 of 4 ). For ^ e SL2{Z) as in il9\) . PAl{i)^o a linear combination of 
the elements eg for 5 G AJ^* . 

Proof. Since the coset representatives of ro(A^)\SL2(Z) can all be chosen of the form S^^T^'"- S^^T^™ , 
it is sufficient to prove this for 7 of the form T"''ST'"'S for some m,n £ 'E with {N,n) = {N,c) 
since any 7 is a product of an element of this form with an element of To(N) on the right, but cq 
is an eigenvector for ro{N). Then 

PAi(S')eo = Cl ^ es, 

PAjr"^)eo = ClY. e{~nQi5))es, 
SeAL 



es, 



SeAr 



PAjr'"5T"5)eo ^ Cl S,,{6)e{~mQ{S))es. (26) 

SGAl' 

□ 

Theorem 5.8. If Q{5) = Q{S'), then the eg and eg' components of Ff are equal. 

Proof. This follows from the fact that the coefficient 5„(5)e(— to(5((5)) in (|26p depends only on 
Q{5) which, by Proposition l5.5[ is the same for all 5 e A^*. □ 

Corollary 5.9. The modular form Ff is V* invariant. 

Proof. This follows from the theorem and Proposition 13. 21 □ 

5.3 Dedekind-?] Products 

In this section we review a construction that produces scalar-valued modular forms over 
ro(A^). The Dcdckind-7] function is given by 

^(r)=q^/^^n(l-q'=) 

k=l 
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and is a weight ^ modular form on SL2 (Z) . It satisfies 

t]{t + 1) = e(l/12)r;(r), v{-'^/t) = V^v{r)- 

Let 77„i(t) = r}{mT). 

Theorem 5.10 (Theorem 6.2 of [J). Given the following 
1) a lattice L with the level of equal to N , 
fi) Ts for 6 I N such that YisiN rational square, 

3) (1/24) ^^1^ r^^ e Z, and 

4) iN/2A)j:s^j,rs/6eZ, 

then Y[ rff ^ modular form for To{N) of weight k — X^a'^'j/^ o-rid of character x\Al\ 4 | 

<5|Ar 

2*:+(^^)-l 

andxe ^ ^ X2^>'\hr.\ «/4 I N. 

6 Calculating the Kr^{m) 

The apphcation of Theorem 14.31 requires computing (m). This section wih cover 

the general techniques to complete this task using the notation and results of 9 . Recall from 
Definition 14.41 that for /x G L^/L_ and 7/;^ — char{fi + L^), 

E{T,S;^f„+l) = Era{T,S,^i) = ^ A^(s,TO,i;)q" 

meQ meQ 

where t = u + iv. The Fourier coefficients have Laurant expansions 

A^{s, TO, v) = bf^{m, v)s + O(s^) 

at s = 0. Thus 

d 

b^{m,v) = — {A,,(s,to,d)}^^o 

= q-™^{£^™(r,^M)Uo- 

Let A denote the discriminant oi k~U and h{k) its ideal class number. Following [3], there is a 
normalization which satisfies 

d d 

and a factorization of E*^{t, s, /j.) into Whittaker polynomials, 

E:^{T,s,fi) = v-i\A\'i^W:^^^{T,s,fi)l[W,Us,fi). (27) 
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Lemma 6.1 (Lemmas 2.4 and 2.5 of \W). Suppose U k with discriminant A. If L is unimodular 
(self-dual) and m G QifJ-) + Zp, then 

ordp (m) 

P . 



r=0 



Thus 



ordp{m) / ^ 



r=0 



P 



If Pp(m) = 0, then 



1 



WC',p(0>m) = ■^^og{p){ordp{m) + l)pp{m/p). 



Lemma 6.2 (Proposition 2.6 of 9J). T/ie following values are obtained at s ~ 0. 

1) i?;„(T,o,M) = o. 

2) PF;,,oo(r,0,M) = -7oo2i'5q'", 

where joo is a local factor that will not affect later global calculations since np<oo Tp ~ 

Note that Pp{m) = Pp(p°'^'^'' *•'"-'), and Pp(l) = 1. Hence W^jp(0,/i) ^ 1 for only a finite number of 
primes. 

Theorem 6.3. There exists a finite prime p' such that W*^ p'(Oi f-) — ^ '^i^d, hence 

^''(""'^^ = {W^™,P'(^'/^)}.=o n ^lp(O.M)- (28) 

Note that in this case bf^{m,v) does not depend on v and thus (pS)) is equal to the limit in (|16p. 
Explicit formulas for Wm,p{s, fJ,) = L^(l'-yixl) given in [15] . 

7 Examples 
7.1 D = 6 

First consider the quaternion algebra ramified at the primes 2 and 3. Let B = (^^^ . By 
proposition 12.21 B has a maximal order given by 

= Z+ (i±i^^) Z + (^^) Z + (^ + " + ^^ + "^) Z. (29) 

Further, the image of F* in PGL2(M) is generated by three elements, 

6 ^ 4 ^ 
S2 = --a + p+-ap, 
o o 

113 

S4 = 1 - -a + -/3 + TTra/?, 
5 2 10 

.6 = 
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which satisfy the group presentation 

{32,34, 3e\ 3^= si = 3^ = S2S4S6 = 1) 

(See Section 3.1 of [5]). As mentioned previously, has genus and so there exists a parame- 
terization tg : —> over Q. Such a map giving the isomorphism is only well-defined up to a 
PGL2 action on P^. However, the map is uniquely determined once the value at three points of 
Xq are chosen. Since there are three distinguished elements of T* , namely 32, S4, sg, it is only 
natural to fix the value of the isomorphism at their three fixed points, P2, P4, Pq. Thus, define the 
map te : Xq ^ P^ such that it takes on the values 0, 1, cx) at the points P4, P2, Pe, respectively. 
(Warning: In the author chooses to have the values 0, 1, 00 at the points P2, P4, Pa ) This 
defining criteria can be expressed as 

div(.a) = P4-Pa, (3^^ 

t6{P2) = 1. 

Let denote the trace-0 part of s.;. Since the action of factors through PGL2(R), the fixed 
point of Si is the fixed point of all of kf C where ki = Q{si) = Q(s"). For the 3i as above, 

fc2~Q(y=6), K-QiV^), ke-QiV^). (31) 
Lemma 7.1. The following equalities hold. 

1) Z(l,0;r*) = iP4. 

2) Z(3,0;r*) = iPg. 

Proof. These identities follow from 

r\L(i)| = |r*\L(3)| = i 

by Corollary [331 and that |Stabr* (s^)| = 4 and |Stabr*(sg)| =6. □ 
Proposition 7.2. 

div{tQ) = 4Z(l,0;r*) - 6Z(3,0;r*). 
Hence, to use Theorem 14. 2[ the input vector- valued form must have, for m < 0, 

2 m = -l 
Co(to) = <( -3 m = -3 
otherwise 

7.1.1 The Input Form 

By Corollarv l3.H |L^/L| = 72 and = 12. To vectorize properly, we need a form of weight 
i and character xeXui- 
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Proposition 7.3. Let Ai, A2, A3, A4, £ Z, and set 

n = A5, (32) 
r2 = 16 -I2A1 + 36^2-9713-14^4 -6^5, (33) 
ra = -30 + 24^1 - 48^2 + 16 A3 + 24^4 + 5^, (34) 
r4 = -17+12^1 -36^2 + 9^3 + 16^4 + (35) 
re = 43-36A1 + 6OA2-2IA3-34A4-6A5, (36) 
ri2 = -11 + 12^1-12^2 + 5^3 + 8^4 + ^5- (37) 

Then 

(38) 

<5|12 

is a modular form for ro(12) of weight ^ and of character XeXi44- 
Proof. One can check that the following hold. 

72/ J]^^''^ = (2'4^3'^'')2, 

(5|12 

(1/24) ^r^5 = Ai, 

(5|12 

(l/2)^r,/5 = A2, 

S\12 

s ^ 

Hence, by the Theorem 15.101 ([55]) is a modular form for ro(12) of weight ^ and of character 
XeXi44- □ 

Now examine the structure of such a form at the various cusps of ro(12). Table [1] gives the 
orders of the zeroes for a form defined by (|32ll38p . where a negative value represents a pole. To 
construct a form defined by (j32ll38p such that it has neither a pole nor a zero at 00 and no pole at 
any finite cusp, one simply solves the following system of inequalities over Z. 

< ^2, (39) 

< 15 - 12^1 + 28^12 - 8A3 - I2A4 - 4A, (40) 

< -5 + 4A1-9A2 + 3A3+4A4 + A5, (41) 

< -4 + 3Ai - 8^2 + 2^3 + 4A4 + As , (42) 

< 25 - 20^1+36^2-12^3-20^4-4^15, (43) 

= Ai, (44) 

Doing so yields a unique solution 

(^1,^2,^3,^4,^) = (0,0,1,1,-2) 
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Table 1: Order of the zero of a form defined by (|32II38|) at the cusps of ro(12) 



Cusp 


Zero Order 


1 = 






A2/12 






1/2 


(15 


- 12yli + 


28A2 - 8A3 - 


l2Ai - 


- 4A5)/12 


1/3 


(- 


-b + AAi 


- 9yl2 + 3A3 -f 


-4A4 + 


A)/4 


1/4 


(- 


-4 + 3Ai 


- 8A2 + 2yl3 4 


-4A4 + 


A^)/i 


1/6 


(25 


- 20 Ai + 


36A2 - I2A3 - 


- 2OA4 


- 4A5)/4 


1/12 = oo 






Ai 







which produces 

Similarly a form defined by P2ll38p that has a pole of order fc at cx), but no pole at any 
other cusp can be found by solving the inequalities (|39ll43p with Ai = —k over Z. For a simple 
pole at 00, there are five such Dedekind-77 products. They are 

^1 = ^4^ = - + 5 + 0[q], 

vtvu q 



"^'"^'^ - - + l + 0[q], 



viV3'nt2 q 



"^^'''3' - - + 3 + 0[q], 



Vimvi2 q 

= --l + 0[q]. 

mmvi2 q 

For a triple pole, there are 35 such forms. One of them is 

^S='-^ = 4-i-2 + 0[q]. 

vt2 q q 

Thus the linear combination 

/e = -6^-3 - 2^1 - 2^-0 = -- ^ + - + Oh] 

<r q 

is a vectorizable modular form over ro(12) for ro(12) of weight ^ of character xeXi^i with no poles 
at finite cusps. 

Theorem 7.4. There exists a nonzero constant cq such that 

te = ce^{Ff,f. 



23 



Proof. There is an equality of divisors 

div(t6) = 4Z(1, 0; r) - 6Z(3, 0; T*) = div(*(F/j2)_ 

□ 

7.1.2 A = -24 

In this section we calculate 'i/{Ffg){P2). The result of the calculation gives the value of Cq^ 
in Theorem mi since by definition te{P2) = 1. Note that by P2 = 'P-2A the CM point with 
discriminant —24 on the Shimura curve X^. 

Set m = 1 so that 

L = Z£i + Z£2 + 

where 

4= a, l2 = ^, £3 = ^. 
Take z = £3 so that Q{z) — 6. Then the negative plane is spanned by 

m = 212 - 4, U2 = 2ii - M2 + 24, 

and 

Q{Xui + Yu2) = -2{X^ + 6y2). 

A basis of L_ is given by 

£r = 2£2-^3, ^^ = £1. 

The group L/{L^ + L-|_) has order 2 and A = -^2 + {L- + L_|_) represents its nontrivial member. 
This has the decomposition 



By Theorem 1131 



A+ = \z + L+, A_ = 



^ log||vI/(z,F^,)||2 = ('_l')(_6«o(3) + 4«o(l)). (45) 

zeZr-(Q(v^)) 

Considering (fTSjl. 

«o(l) = ACo(l), (46) 

«o(3) = ACo-(3) + «-j3/2) + A^-_(3/2). (47) 

The term k^_(3/2) appears twice in (|47|) due to the two values x = ±z/2 G A_|- + = (5 + ^)'^ 
that satisfy 3 — Q{x) > 0. 
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The calculations via and Section [S] yield 

Ko(l) = -61og(2), 

Koii) = -81og(2)-41og(3). 

Thus 

^ log I |*(z, Ff, W = -6 log(3) - 6 log(2). 
Corollary 7.5. Utell = 6^\\-9{Ff^)^\\. 

Note that we have only determined the value of cq in Theorem l7.4l up to sign. This can be resolved 
by repeating the above computations with a Borchards form corresponding to the function 1. 

7.1.3 A = -163 

We are now able to compute the coordinates of the other rational CM points listed in Table 
[2j We illustrate the calculations with the example of A = —163. 

Take z = £i + IM2 so that Q{z) — 163. Then the negative plane is spanned by 

ui = A2I2 - 134, U2 = 166^1 - 284£2 + 163^3, 

and 

Q{Xui + YU2) = -498(X2 + 163y2). 

A basis of L_ is given by 

= 42^2 - 13^3, 
q =tx- U2 + 2^3, 

The group L/{L-+L+) is cyclic of order 163 and A = ^3 + (L-+L+) represents a generator. 
This has the decomposition 

42 

^+ = 163" + ^+' 

1 Q 42 

163 1 163 2 

Then computations of Whittaker polynomials as before yield 

Ko(l) = -41og(2)-lllog(3)-41og(7)-41og(19)-41og(23), 
40 

«o(3) = -ylog(2)-41og(3)-41og(5)-41og(ll)-41og(17). 

(Due to the sheer number of Whittaker polynomials required, the calculations were implemented 
in Mathematica.) Thus by Theorem 14.31 the CM point T'-ies with discriminant —163 has 

II tT, ,1, 3"74l9423'^ 
\\h{V^iez)\\ - 21056116176- 

Note that this proves the conjectural value given in Table 2 of |6j. In fact, all of the conjectural 
values can now be algebraically proven and are given in Table [5] 
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7.2 D = 10 

7.2.1 The Input Form 

Now consider the quaternion algebra ramified at the primes 2 and 5, B — (^^4t^)- 
contains the maximal order 

Then by Section 4.1 of [6J, the image of T* C PGL2(K) is presented as 

(S2, S2, S2, S3 I S2 = = 4^ = ^3 = S2S2S2S3 = 1), 

with 

and A';^*Q has genus 0. Hence, there is a map tio : ^ such that 

div{tio) = P3 - P2, 

where P2, -P2'i ^3 the fixed points of S2, 52; •S3: respectively. Again the fixed point of Si is the 
fixed point of all of fcf C where fcj = Q(s°)- Now 

fc2~Q(^/^), fc^~Q(x/^), fc'2'~Q(^/^), fc3~Q(V^). 

Lemma 7.6. T/ie following equalities hold. 

1) Z(2,0;r*) = iP2. 

2) Z(3,0;r*) = iPg. 

Proposition 7.7. The following identity for tiQ holds, 

div{tw) = 3Z(3,0;r*) - 2Z(2,0;r*). 

Then the same line of reasoning as in Section f?. 1 . II applied to the case |L^/L| = 200 and iV = 20 
gives the following result. 

Theorem 7.8. Let 



(48) 



It is a vectorizable modular form over To(20) with no poles at finite cusps. Thus 

div{tw) = 3Z(3,0;r*) - 2Z(2,0;r*) = div{^{Ff^„f). 
So again the two functions agree up to a nonzero constant, 
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7.3 A = -20 

To compute the constant cio, we now consider the case of A = —20. Recah that ^10(^2) = 2 
by definition and by (gSl), P^' = V-20 G X^^- Then 

L = Z£i + U2 + ^£3 

where 

£i=a, £2 = ^^, ^3 = ^. 
Take z = £1 — 3^2 so that Q{z) = 5. Then the negative plane is spanned by 

Ul=-l2, U2 = 6ii - IM2 + 2i3, 

and 

Q{Xui + Yu2) = -2{X^ + 5Y^). 

A basis of L_ is given by 

e^ = -e2, q = Mi + h, 

In this case the quotient L/{L^ + L+) is trivial. Theorem 14. 31 vields. 

^ log||vI/(z,F/,J|p = ('^V3«;o(3)-2«;o(2))-31og(2). 

Thus 

Since tw{P!^) = 2, 

||iio||=2-2||.p(i^/^j2||^ 

7.4 A = -68 

Again, we are now able to compute the coordinates of the other rational CM points for X^f^ 
listed in Table [H Moreover, we are also capable of calculating the norms of irrational CM points. 
As an example, we compute the norm of the irrational CM point with discriminant —68. 

Take z = lli — 13^2 + H so that Q{z) = 17. Then the negative plane is spanned by 

Ml = -35^2 + 114, U2 = 534£i - 1067^2 + 1374, 

and 

Q{Xui + YU2) = -2670(^2 + 17^2). 
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A basis of L_ is given by 

The group L/ (L_ + L+) is cyclic of order 17 and is generated by A = i'3 + (L_ + This 
has the decomposition 

-35 , , 27 245 ^ 

17 17 ^ 17 ^ 

Then computations as before yield 

Ko(l) = -61og(2)-61og(5), 
A^o(3) - -81og(2)-ylog(5). 

This time the CM point with discriminant —68 is irrational, and Theorem 14.31 gives its norm (after 
renormahzation) as 

8 Tables 

8.1 D = 6 

8.2 Coordinates of Rational CM Points on 

The following table gives the values of tg (as defined by ([501) 1 at the rational CM points of 
X^. These values verify the values in Table 2 of [5]. Denote tQ^PcAi) = (r ■ s). 



Table 2: Coordinates of Rational CM Points on 



A 


r 


s 


Proved in 6J 


-3 


1 





Y 


-4 





1 


Y 


-24 


1 


1 


Y 


-40 


3^ 


53 


Y 


-52 


2237 


56 


Y 


-19 


3^ 


210 


Y 


-84 


-2272 


33 


Y 


-88 


3774 


5^11^ 


Y 


-100 


243^7'^5 


116 


Y 


-120 


74 


3353 


Y 


-132 


2^112 


56 


Y 


-148 


223774^^4 


5^17^ 


N 
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Table 2: Coordinates of Rational CM Points on Xq 



A 


r 


s 


Proved in |6j 


-168 


-7^114 


56 


Y 


-43 


3774 


21056 


Y 


-51 


-74 


210 


Y 


-228 


2674^92 


3656 


N 


-232 


3774^^4^94 


5^23^293 


N 


-67 


3774^^4 


21656 


N 


-75 


114 


210335 


Y 


-312 


74334 


5^11^ 


Y 


-372 


-227^194312 


3^5^11^ 


N 


-408 


-74114314 


365^173 


N 


-123 


-74194 


21056 


N 


-147 


-114234 


2i''335^7 


Y 


-163 


31174194234 


21056216276 


N 


-708 


2874^^4474592 


5^176296 


N 


-267 


-74314434 


2I656216 


N 



8.3 Norms of CM Points on for < -d < 250 

Here we give the norms for all CM points of fundamental discriminant A = d or 4rf for 
< —d < 250. This cut-off is arbitrary. It is also only for implementation reasons that we only 
compute for fundamental discriminants (i.e. d squarefree). 



Table 3: Norms of CM Points on for < -d < 250 



A 




\ii-h){rA)\ 


-40 


3' 
5^ 


2^17= 
53 


-52 


2=3^ 


13^23= 


-19 


3' 
210 


13=19^ 
210 


-84 


2=7= 


13= 
'W 


-88 




2''l7=41 = 




5811^ 


5611=* 


-120 


7* 
3353 


2*19= 
3353 


-132 


2-»ll2 
58 


3*13= 
5« 


-136 


3I* 


2''13*41 = 


11^173 


11617^ 


-148 


223^7Hl* 


13=37^47=71= 


5617" 


58 178 


-168 


7211-* 
5ti 


2^3^19= 
58 
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Table 3: Norms of CM Points on for < -d < 250 



A 


I*6(^a)| 


|(l-t6)(^A)| 


-43 


3774 


19^37^43"'' 






-184 


3I478 


2^ 13'^ 89^ 


176233 


174232 


-51 


7* 
210 


210 


-228 


2^7'^19^ 

: !''.")« 


3*"' 5'"' 


-232 


3^7'll^l9' 


9'' 1 'i- 1 7-J.1 - >in - 1 1 

± ^ J ± ( 'i ± 0;.' ±±0 


5^23^29'^ 


5^23^29'^ 


-244 


26321 19" 


1 Q'^'^7^47^fi1 ^ 


176296 


172296 


-264 


ig4 


2^ 19^432 


39 111 


39113 


-67 


3^7^11" 




2I65B 


2i^5^ 


-276 


2^ 23^ 
11^ 


3^23"'^ 37^ 


-280 


3I474234 


0I2 1 o4rto2 1 1 o2i 072 


5611^296 


5*) 11^296 


-292 


210314-^94 


1o4iy4-|n2f;72yi2 


51^232 


512236 


-312 


7*23* 


r)4o5 1 q1 1 72^02 

^ XO X* TiT-j 


5611B 


56116 


-328 


3^^ 1 1^ 19* 


r)6 1 q2 fjQ4QQ2 -1 072 


512]^ 76413 


512174412 


-340 


24 ^18 78234 


1 o4 1 72 1 q49o2/-i 2 1 --72 
xo XI xy ^0 ux xui 


56296416 


56296416 


-91 


3I474 


1 q2 1 74 072 (^72 

±0 ±/ 01 D/ 


2^6iin 


2^^ 11*^ 


-372 


2^7*19*31^ 


1 q2oo2o72^i 2 
xo ^0 01 U X 




3356116 


-376 


3283-1^4 


2^^37^113^ 


232416473 


23^41^47^ 


-388 


2143183-1^4 


1 o4 1 74402 1 ^^72 1 Qi 2 

X*_> XI t:0 X\JI XC/X 


5i22^]^i!47B 


.^12 1^6471 


-408 


7*11*31* 


^ X t J X i.) ) U / 


36562^73 


3656 ]^ 73 


-420 


21=7*23* 


3^23^ 61^ 


56176 


56 174 


-424 


325 7I2 2g4 


o'^ 1 q6 1 q4 074 1-1 2 -I 072 
^ xo 1-ty Oi 4:X XO 1 


296476533 


296476533 


-436 


26321 7123-1^4 


1 q6 404-7-1 2 -1 nqi 1 Qi 2 

AO 'iO 1 X XUc/ Xc/X 


176416536 


172416536 


-456 


78 -|^q2 


2^3^ 19^67^ 


11=176 


116 174 


-115 


3" 19* 


xo xy DJ. J-Uy 


22056112 


22056116 


-472 


3=1 19*23*31* 


rtl7 1 q4oo4472 Qq2 9oo2 
£1 xy ^0 '±1 oy ^00 


5185365Q3 


00 Ot7 


-123 


7*19* 


3*13^23^411 


2l'>5« 


2l"5* 


-516 


21*31*43= 


37^41^ 61^ 


3l2]^76 


31^17= 


-520 


3l878-j^q4^34 


q6 1 q2 1 74 1Q2q74l 1 q2^ 002^1- -72 

xo X( xy 01 xxo -ioo -ioi 


5Bll24]^B5g6 


5^11*^41^59*^ 


-532 


„4ol474-| 18004^,4 


1 7"^ 1 Q2 9'^2'i7^ 1 OQ^ 1 QI ^9^Q^9fi'^^ 
XI xy iio Oi xuy xyx ^oy iiuo 


51=296536 


5I2296536 


-552 


19*43* 


06 1 q4 1 02^02^-72 
^ XO xy 'XO vJ 1 


3651=231 


3651=233 


-139 


3^'^19*23'' 


19*23*43^139^ 


236178 


236 17= 


-564 


2478472 
11=236 


3''' 13* 17*47^ 
116 2:ii 


-568 


3i'7''^2:i'3li 


2** 19 '23 = 41= 137= 257= 281^ 


51=17647=713 


51=17*47671= 


-580 


220332434474 


13*41*43*47^139^263^ 


51=596716 


51=596716 


-616 


32s 78 434 


2i^l3**37^61*233^281^ 


11=23=536716 


11623=536716 


-628 


2'532i 19*31*47* 


19*61^71^1571167^239^311^ 


5IS118416 


5l«lli^41 = 
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Table 3: Norms of CM Points on for < -d < 250 



A 


\te{PA)\ 


1 / -1 1 \ / tT^ \ 1 

|(l-t6)(^A)| 


-163 




1 'i-^fi?^ 1 DQ^ 1 '^Q^ 1 '^7^1 fi'^ ■'■ 




2i('5tiiifii76 


-660 




1 7'^47^fi1 ^ 1 OQ^ 


31256236 


31256234 


-664 


339474 


927 0744^4 J- 1 4y-|2Qn22C72 


296596333 


1112296596333 


-696 




9I2 1 o6no4/'72 

ir XO ^0 U 1 




3i'llf"'29'"^ 


-708 


2^7^11^-17^ 59'^ 


X^J Xr7 ^ - f -±X XV^,^ 


51* 17 (129*"' 


5'"^17'^29'^ 


-712 


o32 -. q8 1 o4 r-Q4 


^ Xc/ t:X ^0 ^( XXO ^OX Ot_fO 




524036002 


-724 


210339594 


1 724.1 ^A'i,^f\7'^ 1 1^7^ 1 SI ^ ^i^iQ^ 
x( 4:X 'xo ij 1 X u 1 xox ouy 


176 536396 


1 1 12536096 


-744 


71^31*^ 59^ 


2^3"*^ "^41^43^ 


236298 


23^296 


-187 


31^11*131'' 


1 o4 1 ^2 1 q4Q72 1 ca2i 01 2 

±0 x( xy 0( XDO xox 




2^051^23*^ 


-760 


,1478118004014.-4 


rtS-. 74-1 q2rto2^y2^i 4-1 0720002 oco2 
^ xo xi X3 ^0 ^1 vjx xo 1 ^00 000 


ij ^J. 1 J. Oi7 


5641 671 bQQb 

ij '±X 1 X Ol7 


-772 


01401478014^04 


1 Q^i y4^o2i on2ooQ2o-| 1 2ocq2ooo2 


512236592336 


512234596336 


-195 


19*31* 


^8 232 192472 


2^(556 


2 2 (i 5 (i 


-804 


91^1 1 1 Q4fi72 


1 06 1 76 1 q4 1 riQ2 

10 X / ly xuy 


31^296 


312116296 


-808 


o25oo4o 1 4 pq4o74 

0± vJ/ 


o9 -1 060040724-1 2 Qn2oc 72 4|-)-| 2 
^ xo ^0 01 ■xx oy ^01 'xux 


5I8 ii^47(> 1013 


5I811I24721013 


-820 


2832871647.1^74 


'^7'^/11 2/172 (^74 -1 fin 2 1 f^'j2 i 01 2 QfiQ2 qQq2 

o* "xx 41:/ 01 luy iDi lox ZOO 000 


5129960961 ni 6 


5l2oQ(iOQ6 1 ni (1 
-^iJ Oiy xux 


-840 


7*43*67* 


9^ 1 ^4 1 Q49q4 -1 qq2 
i-'.> x,y Zt.> xoy 


312561121^76 


3125(1 11(1 174 


-211 


32571231^4 


.-|4^-|2-| c:w2rji -1 1 
ix ux xo 1 zxx 


236176236 


236 172 23:^ 


-852 


2*59*71^ 


qS-i o4 -1 94472 2^1 1 
xo xy '-t 1 ux IX 


51^1122:5;: 


01211623(1 


-856 


o21-t12 I |2 |||ioi4-T-t4 

( ± ± ± ;J ^> ± (J. 


i-)19 1 .)(> 1 1 Q 1 ., y 1 .j^ 1 2 ., - .,2 ^i", 1 2 

Z Xo XI X .? • » ( ZO X •.» ^JO '±\J X 




1 1 ^ ^3*^83^ 1 m 1 07^ 

XX 00 00 XWX XUI 


-868 


228228 '^8 g7^ 


'^7'^4.1 ^fi7^1fi'^^ 101^911 ^'^^Q'^A'^^ 
01 ix ui xuo xyx zxx ooy lox 


524712 107ti 


5247141Q76 


-219 


78234 


1 340024-1 2f^i 2 

xo ZO t:X IX 


22639 


22639 


-888 


31^47'^71'^ 


01201307I41 2^-72-1 oq2 

01 ^x ij 1 xoy 




51829(1 


5IS296 


-904 


332^16-j^(^4g-.4 


iil2-| 0810^/102^-, 4 .^q2 
z xo xy ^0 ux 4:^y 


1 76 c:Q2Qn6 1 n76 1 1 q3 

XI iJc/ Of J-U 1 J--LO 


i^Q^SQ^ 1 076 1 1 "^2 
oy oy xu 1 xxo 


-916 


Ol0o35iq4 ,o47i4 


xo xy 'io ^^y oxx 000 'iox 


41'>101''113<> 


1^11241210161136 


-235 


31*7^19*31* 


17* 19^47^ 139^ 181^ 211^ 229^ 


22056^12296 


22056116296 


-948 


2819*31*67*79^ 


19*37247271^109^1572 


3lS5l« 


3lB5lt! 


-952 


3^** 7** 23^71*79* 


21'^ 43*47*7122332 40124492 


5^*1781138 


5^*17*23*113* 


-964 


2^*3*259*79* 


13^237457423924792 


17124723361076 


17447^8381078 


-984 


71^11^79* 


2I837243213921632 


312238413 


312116232413 


-996 


21871^71*83^ 


3I4 136472 1572 


17629641b 


I72296416 
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8.4 D = 10 



8.5 Coordinates of Rational CM Points on X*q 

The following table gives the values of tiQ (as defined by at the rational CM points of 
XiQ. These values verify the values in Table 4 of [6J. Again denote ^10(^^0 a/) = {r : s). 



Table 4: Coordinates of Rational CM Points on XTr 



A 


r 


s 


Proved in [6] 


-3 





1 


Y 


-8 


1 





Y 


-20 


2 


1 


Y 


-40 


33 


1 


Y 


-52 


-2I33 


52 


N 


-72 


53 


3I72 


Y 


-120 


-33 


72 


Y 


-88 


3353 


2I72 


N 


-27 


-2^3 


52 


Y 


-35 


26 


7 


Y 


-148 


213^113 


527^132 


N 


-43 


2^33 


5272 


N 


-180 


-2^113 


132 


Y 


-232 


3^113173 


225272232 


N 


-67 


-263353 


72132 


N 


-280 


33113 


2I7I232 


N 


-340 


2133233 


72292 


N 


-115 


2^33 


13223 


N 


-520 


33293 


237213I472 


N 


-163 


-2^3353113 


72132292312 


N 


-760 


33173473 


72312712 


N 


-235 


2633173 


7237247 


N 



8.6 Norms of CM Points on XT. for < -d < 250 
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Table 5: Norms of CM Points on Affn for < -d < 250 



A 


|iio(^A)| 


\{2-ho){VA)\ 


-40 


3^ 


52 


-52 


2^3^ 
52 


2^13^ 
52 


-68 


2^5! 
1 


2*171 
52 


-88 


3^5^ 


11^17^ 
2I72 


-120 


3'^ 
73- 


7T 


-132 


2^3''5^ 
132 


2*ll2 
52 


-35 


2** 
yT 


2I52 
71 


-148 


2^ 3'^ 1 1'^ 
52722^32 


2"* 172 37I 
52722^32 


-152 


11=* 


11*191 
2^5* 


-168 


3811=* 

2^54^2 


11237^ 
225472 


-43 


2633 
5272 


2^192 
5572 


-212 




2II 11*531 




527(5 


-228 


2^3*^5"'" 17'^ 


2*192372 


743^32 


5574 


-232 




1 32 1 n2 532 


225272232 


225272232 


-248 


5^ 173 
2^232 


172 i9'^3ii 
2254232 


-260 


2^ 17^ 
743^31 


2^54 


-67 


2^33^3 


2^ 11^31^ 


725^32 


72132 


-280 


3^11^ 


53132 


2171232 


21 71 232 


-292 


2^3^51 ^-j^ 


94 1 -72 Po2-7ql 

Z X / 00 i 


134292 


52134292 


-308 


94 c; 2 1 1 3 Qq3 


2-^^11^19^ 


7^292 


5474292 


-312 


3^ X7'^23'^ 


ll^ 132 732 


22547432^2 


225474312 


-328 




11^37^ 


233^2 


2352232 


-83 




2^13^19^ 


5II32 


54 


-340 




2^5^13^17^ 


72292 


72292 


-372 


o2o9 1 I 3oo3 


081 1 2oi 2702 
^ XX ox f 


5474^32372 


5474372 


-388 


2^36 17^29"'^ 


2*11*17297! 


54^32372 


5*292372 


-408 


3^5! 11^29^ 


1 1 2 1 72 1 q4q72 


74234312 


52742^3432^2 


-420 


2^3^29^ 
72372 


2* 5" 172 
72372 


-107 


221 
51 76 


2^ 17^312 
5476 


-440 


11'^ 23'^ 
2^3* 


56]^ 2^1 
22132 


-452 


2*ll''l7^29^ 


2*'ll*17231*113i 


537s 


5«7«292 


-115 


283^ 


2I52112 


13^231 


l:!22:!i 


-472 


3»5*29-'' 


192,-)<)i 7:52 1132 


21232312472 


2152232312472 


-488 


11° 17''' 


11*13217* 


2^13*472 


2*5^472 


-123 


2i''>3«5i 


2213*592 


74232 


527*232 


-520 


3-' 29'' 


5*112172 


2^72131472 


2372131472 
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Table 5: Norms of CM Points on Affn for < -d < 250 



A 


|tlo(^A)| 


|(2-tio)(PA)| 


-532 


o2 ofi c,6 -I 1 '^9^1 


olO 1 -1 2 1 q2 1 1 o2 

XX Xt/ XX 


7^29^37^53^ 


72232292372 


-548 


2'^11^29^41'^ 


^8 -| -. 4 -. o4 1 q4-| 07I 

XX xo Xf XOi 


•J 1 xo oo 


5678532 


-552 




1 q4oi 2 rq2 

X C7 OX Oi? 


26136312 


2654134 


-568 


3^17^23^41^ 


17^31^71 ^Q7^137^ 

xj ox IX t xo* 


5474472 


5474232472 


-580 


2^ 3*^ 41"^ 


2^57 


xo ZiC7 00 


29I532 


-155 


74 3]^i 


2^56 11^ 
7431 1 


-628 


2''^3'^5^11'^47''^ 


q13 1 -1 4 -1 q2 -1 072 -1 cyl 
^ XX xy xoi x^J^ 


on2Q-| 2 ^■X2.P.\ 2 


52992 2 5Q2C1 2 

f. J ^ f7 OX ^ J OX 


-632 


-2 -j^ ]^*^4]^'^47i 


1 1 4 1 y6 yqI 1 1 q2 

±± i- 1 /y ±±0 


2^7^13^ 


225478472 


-163 




9-'- 1 '^Q^7Q^ 


1 X if ti/ ox 


1 X ^ c/ ox 


-660 


2^3^47^ 


2^5^11^17^ 


74232g]^2 


74232gl2 


-680 


11^17^41^ 


5^°11^ 


2476232 


247^232 


-692 


2'^ 176473 


227-|^y63-]^2 -1^731 


5'^23i31^53^ 


5i"23*53^ 


-708 


92 06 [-6-1 73/ii3|-q3 
Z li '±1. 00 


94 1 1 4 |-q2qy2 -i C72 

z ± ± oy y ( ±01 


74 1 q2 9Q4 0Q2 Q72f^l 2 
( Xv> j^o iff 01 ux 


749Q4 9Q2Q72f;i 2 

1 ^0 iiJ? 1 U X 


-712 


2l2^--lr^<^3 


1 q^^'^^79^ 1 7'^^ 
X y 00 1 y i- 1 


2^53712 


2^56472 7l2 


-728 


17*^29'^ 53'^ 


1 74 1 n4 c:q4 1 072 
X / xy \},} xo / 


245276^^347^^2 


2458 76 132 7 j^2 


-740 


2^^ 11^533 


2^5^11^ 


234292371 


234292 


-187 


2"'"^ 3^5"*" 11'^ 


2^ 13*^71^ 


23^31^37^ 


5^23^37^ 


-760 


33^73473 


5^11^13^19^37^ 


7^31^71'-^ 


7-^31^71^ 


-772 


2*^ 3'' i") "'" 29"* 41'^ 53"'" 


9 -'- 1 7- 1 1 ■^- i 1 o'^-'- 
z X ; 1x0 X 1 ^J X y 


74 1 ■■J2 ■"?72(:;-| 2 
1 X 1 U X 


5274532^^^2 


-195 


21236 


2^5^ ig2 


132292 


132292 


-788 


95 1 76^73 cq3 
X ( tjy 


o21-io2iy2iQ2 i-q4 1 07! 
^ xo x( xy oy xyi 


7IOI3423I 


567IO234 


-808 


3'^5^41'^59^ 


1 1 6 1 o2 1 1 qf^2 
XX i.o XOI xyi 


92 1 Q29Q247271 2702 


92529Q247271 2702 
z. ZdO 4: ( (X ( y 


-203 


2^"^ 5^ 1 13 


2'^ 11*^79^ 


74^^34372 


5474372 


-820 


2^3^593 
74312372 


2857 
74312 


-840 


o6r)o3 co3 
^0 uo 


5'*11'*17^19^ 


2472134792 


2472134792 


-852 


r>4ol2 c2 1 1 3473 f-n3 


012-1 -|6-|q4Y-|2-|qo2 

Zd XX xy IX xyo 


X ^0 ox 


xo ^0 ux 


-868 


2^3"'"^ 5"^ 53"'" 


q8 1 2 1 072 1 072 
Z -I -Lo I X ;y / 


74 29 1 372 


5474294 


-872 


11*^17^59''* 


1161 q2 oi47i2i7q2 
XX X ox I X -L I 


24710294712 


24567IU294 


-888 


31^4-1^34^3 


q-i 2072 5q4-7-| 2qf--2 
ox 1 oy (X y 1 




2452294312792 


2458294792 


-227 


233 173 


2^17*37" 


13«31^ 


5813^31^ 


-920 


23^59'^ 


5^-\37^ 


2-^29147^ 


2:'23i29-i47^ 


-932 


2''17-'23^41-'53'' 


2^^17''19'53^71*233^ 


52712314 


5»7i223*31«' 


-235 


2633173 


2^5^11^19^ 


72372471 


72372471 


-948 


2''3^\59''71'^ 


22" 19*79^ 157^ 


5^31^37^47^61^ 


58372472512 


-952 


31252^^1 


172113^193^2332 


2274231792 


225474234712 
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